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We theoretically investigate pump-probe optical responses in the two-dimensional extended Hub-
bard model describing cuprates by using a time-dependent Lanczos method. At half filling, pumping
generates photoinduced absorptions inside the Mott gap. A part of low-energy absorptions is at-
tributed to the independent propagation of photoinduced holons and doublons. The spectral weight
just below the Mott gap increases with decreasing the on-site Coulomb interaction U . We find
that the next-nearest-neighbor Coulomb interaction V1 enhances this U dependence, indicating the
presence of biexcitonic contributions formed by two holon-doublon pairs. Photo-pumping in hole-
doped systems also induces spectral weights below remnant Mott-gap excitations, being consistent
with recent experiments. The induced weights are less sensitive to V1 and may be related to the
formation of a biexcitonic state in the presence of hole carriers.
PACS numbers: 71.27.+a, 78.47.+p
I. INTRODUCTION
Pump-probe spectroscopy is a good tool to characterize
electronic states in strongly correlated electron systems.
One of the examples is pump-probe optical measure-
ments in the two-dimensional Mott insulators, La2CuO4
and Nd2CuO4. Photoinduced midgap excitations in-
side the Mott gap have been reported just after pump-
ing [1]. The excitations at midinfrared region have been
assigned to those due to photoinduced holons and dou-
blons through the comparison with absorption spectra in
La2−xSrxCuO4 and Nd2−xCe2CuO4. On the other hand,
photoinduced excitations just below the Mott gap have
been attributed to thermalization effects, consistent with
thermal broadening of absorption spectra [1, 2]. Even
for hole-doped cuprates, similar pump-probe experiments
have been done and the emergence of spectral weight just
below Mott-gap excitations has been reported [3]. How-
ever, there are only a few theoretical investigations on
such pump-probe experiments in cuprates [2, 4] and re-
lated works [5–7].
The one-band Hubbard model with on-site Coulomb
interaction is commonly used for describing electronic
states in two-dimensional cuprates. However, an ef-
fective one-band Hubbard obtained from the extended
three-band Hubbard model containing Cu-O nearest-
neighbor repulsion has nearest-neighbor Coulomb inter-
actions [8, 9]. Therefore, it is important to investigate
the effect of the nearest-neighbor Coulomb interactions
on electronic states in cuprates. For example, screen-
ing effect for the on-site Coulomb interaction [11–14] as
well as charge-density-wave state [15–17] due to such non-
local Coulomb interactions have been investigated. In a
one-dimensional organic Mott insulator, the emergence
of pump-pulse-induced biexcitons has recently been sug-
gested as a consequence of the effect of nonlocal Coulomb
interactions [18]. In two-dimensional Mott insulators,
the formation of biexcitons has been suggested theoreti-
cally [19]. However, there is no theoretical investigation
on the effect of the nearest-neighbor Coulomb interaction
on pump-probe optical spectroscopy.
In this paper, we theoretically investigate pump-probe
optical responses for the single-band extended Hubbard
model describing cuprates. The time-dependent opti-
cal conductivity just after pumping is calculated by us-
ing a time-dependent Lanczos-type exact diagonalization
method. At half filling, two types of photoinduced ab-
sorptions emerge inside the Mott gap after pumping, be-
ing consistent with the experiments [1]. One is attributed
to low-energy excitations due to the independent motion
of photoinduced holons and doublons, by comparing with
optical conductivity for systems with one holon or one
doublon. The other is excitations just below the Mott
gap that are enhanced by decreasing the on-site Coulomb
interaction. The nearest-neighbor (NN) Coulomb inter-
action controls this enhancement. This is an indication
of the presence of a biexciton where two hole-doublon
pairs are bounded. The biexcitonic contribution weakens
by the introduction of the next-nearest-neighbor (NNN)
Coulomb interaction as expected from the spatial dis-
tribution of the biexciton. This result clearly indicates
that the enhancement of spectral weight below the Mott
gap after pumping is not only due to the temperature
effect as suggested by the experiment [1, 2] but also the
presence of biexcitons. In hole-doped systems, we also
find the enhancement of spectral weights after pumping
below remnant Mott-gap excitations, which is consistent
with the experiment [3]. The weights are less sensitive
to the NN Coulomb interaction but decrease with the
NNN Coulomb interaction, indicating the formation of a
biexcitonic state in the presence of hole carriers.
This paper is organized as follows. The extended Hub-
bard model and time-dependent optical conductivity are
introduced in Sec. II. In Sec. III, we calculate the time-
dependent optical conductivity at half filling just after
pumping. The time-dependent optical conductivity for
hole-doped systems is shown in Sec. IV. Finally, a sum-
2mary is given in Sec. V.
II. MODEL AND METHOD
We define an extended version of the Hubbard model
in two dimensions as
H = −th
∑
〈i,j〉,σ
(
c†i,σcj,σ +H.c.
)
− t′h
∑
〈〈i,j〉〉,σ
(
c†i,σcj,σ +H.c.
)
+U
∑
i
ni,↑ni,↓ + V1
∑
〈i,j〉
ninj + V2
∑
〈〈i,j〉〉
ninj , (1)
where c†iσ is the creation operator of an electron with spin
σ at site i, ni,σ = c
†
i,σci,σ, ni =
∑
σ ni,σ, the summation
〈i, j〉 and 〈〈i, j〉〉 run over pairs of NN and NNN sites,
respectively, and th, t
′
h, U , V1, and V2 are the NN hop-
ping, the NNN hopping, the on-site Coulomb interaction,
the NN Coulomb interaction, and the NNN Coulomb in-
teraction, respectively. Taking th (∼ 0.4 eV) to be the
unit of energy (th = 1), we use V1 = 1, V2 = 0, and
t′h = −0.25 as a realistic set of parameters for cuprate
superconductors [20, 21] without being otherwise speci-
fied. Since the difference of coordinate numbers around
copper influences the value of U in cuprates [22], we leave
U as a parameter.
Optical responses obtained by ultrafast pump-probe
optical measurements can be described by the time-
dependent optical conductivity whose spectral weights
are slightly dependent on the shape of probe pulse [23].
We assume a short probe pulse with a Gaussian form
of vector potential. In this case, the diagonal element of
the real part of time-dependent optical conductivity after
turning off the pump pulse reads [4, 23]
Reσαα(ω, t)
=
1
Lω
Im
∫ ∞
0
iei(ω+iη)s〈Ψ(t) |[jα(s), jα]|Ψ(t)〉ds
=
1
Lω
∑
m,n
η
(ω + εm − εn)2 + η2
×[ 〈Ψ(t)|m〉〈m |jα|n〉〈n |jα|Ψ(t)〉
−〈Ψ(t) |jα|m〉〈m |jα|n〉〈n |Ψ(t)〉
]
, (2)
where ω > 0, L is the total number of lattice sites, Ψ(t) is
the time-dependent wave function, |m〉 is the eigenstates
ofH with eigenenergy Em, and η is a small positive num-
ber. jα(s) = e
iHsjαe
−iHs, where jα is the α component
of current operator given by
jα = ith
∑
〈i,j〉,σ
(Rij)α
(
c†i,σcj,σ −H.c.
)
+it′h
∑
〈〈i,j〉〉,σ
(Rij)α
(
c†i,σcj,σ −H.c.
)
(3)
with (Rij)α being the α component of Rij = Ri −Rj.
We use square-lattice periodic Hubbard clusters with√
10 × √10 and 4 × 4 sites. We incorporate an external
electric field applied along the x direction of the clus-
ters via the Peierls substitution in the hopping terms,
c†i,σcj,σ → e−iA(t)(Rij)xc†i,σcj,σ. Here A(t) is the vector
potential along the x direction given by
A(t) = A0e
−(t−t0)
2/(2t2d) cos[ωp(t− t0)], (4)
where a Gaussian-like envelope around t0 is used with td
to characterize the temporal width of pump pulse, and
ωp is the central frequency. We set A0 = 0.5, t0 = 0,
td = 0.5, and ωp = U without being otherwise specified.
We employ a time-dependent Lanczos method to eval-
uate |Ψ(t)〉. The key formula is
|ψ(t+ δt)〉 ≃
M∑
l=1
e−iǫlδt|φl〉〈φl|ψ(t)〉, (5)
where εl and |φl〉 are eigenvalues and eigenvectors of the
tridiagonal matrix generated in the Lanczos iteration,
respectively, M is the dimension of the Lanczos basis,
and δt is the minimum time step. We set M = 50 and
δt = 0.02.
III. HALF FILLING
In Figs. 1(a)-1(c), we show Reσxx(ω, t) in the half-
filled 4 × 4 extended Hubbard model for U = 6, 7, and
8, respectively. In all cases, a Mott-gap absorption peak
before pumping, for example, at ω = 2.8 for U = 6 in
Fig. 1(a), loses its spectral weight after pumping. In
addition, there appear many fine structures inside the
Mott gap. This is common to a smaller lattice with
√
10×√
10 sites as shown in Fig. 1(d) for U = 8. Since there
is no prominent feature in the fine structures, it is not
easy to identify the origin of them. We thus approach
the origin by investigating the same model but with an
unrealistic parameter set for cuprates.
We first focus on low-energy structures below ω ∼ 2,
for example, at ω ∼ 0.8 and 1.7 for U = 8 [see Fig. 1(c)].
Pump photon generates holons and doublons. Therefore,
the two particles may propagate incoherently in the spin
background with finite energy. This will be a possible
origin of the low-energy structures. This is evident from
the case of large U . Figure 2(a) shows Reσxx(ω, t) for
U = 20. There are nearly time-independent peak struc-
tures at ω ∼ 0.3 and 1.1. The energy position of the for-
mer corresponds to the peak position of equilibrium op-
tical conductivity Reσxx(ω) for single-hole motion given
by the 4×4 cluster with 15 electrons, as seen in Fig. 2(b).
The latter is close to the peak position of Reσxx(ω) for
single-electron motion. We note that the difference of the
peak energies between the single-hole and single-electron
motions is due to the effect of t′h that induces asymmetry
between hole and electron doping in terms of antiferro-
magnetic correlation [24]. The good correspondence be-
tween the peak positions in Figs. 2(a) and 2(b) strength-
ens the speculation that incoherent motion of single holon
3FIG. 1. The x component of time-dependent optical conduc-
tivity after pumping in the half-filled 4×4 extended Hubbard
lattice with th = 1, t
′
h = −0.25, and V1 = 1. (a) U = 6,
(b) U = 7, and (c) U = 8. (d) The same as (c) but for the√
10 ×
√
10 lattice. The broken line represents the optical
conductivity before pumping. The blue, red, and black lines
represent Reσxx(ω, t) at t = 3, 4, and 5, respectively, with
η = 1/16.
and single doublon emerges in Reσxx(ω, t) even for a re-
alistic value of U . Such an assignment of the two struc-
tures has been done in the pump-probe experiments for
La2CuO4 and Nd2CuO4 [1].
We next discuss the photoinduced structures above
ω ∼ 2 in Fig. 1. We find a slight increase of spectral
weight below the absorption peak with decreasing U from
U = 8 to U = 6. In order to obtain a crucial insight for
this U dependence, we adopt the following procedure.
Since probe photons excite the time-evolving state af-
ter pumping, it is natural to investigate photo-excitations
from the most dominant configuration in the state. Tak-
ing into account the formation of a holon-doublon bound
pair and its large contribution to the absorption peak,
we assume that the state giving the largest absorp-
FIG. 2. (a) Reσxx(ω, t) in the half-filled 4× 4 extended Hub-
bard lattice with th = 1, t
′
h = −0.25, and U = 20. The blue,
red, and black lines represent data at t = 3, 4, and 5, respec-
tively. (b) Equilibrium optical conductivity Reσxx(ω) in the
4 × 4 extended Hubbard lattice with single hole (black line)
and single electron (red line). The parameters are the same
as (a).
tion peak contributes predominantly to the time-evolving
state. We therefore regard an eigenstate forming the ab-
sorption peak at the Mott gap, |φpeak〉, as the initial
state before applying a probe photon [25]. Calculating
Wm = |〈m| jx |φpeak〉|2 and integrating it over an energy
interval ∆ corresponding to the energy region lower than
the absorption-peak energy εpeak, i.e.,
I(∆) =
∫ εpeak
εpeak−∆
dω
∑
m
Wmδ (ω − εm + εpeak) , (6)
we are able to discuss the U dependent spectral weight
in Reσxx(ω, t) more quantitatively.
For this purpose, we use a
√
10×√10 periodic lattice
of the same model, since all eigenstates including |φpeak〉
are numerically obtained. We note that the 4 × 4 and√
10 × √10 clusters give similar spectral properties of
Reσxx(ω, t). Figure 3 exhibits the U dependence of the
integrated wight I(∆) at ∆ = 2. The colored region in
the inset shows the integrated energy region, where con-
tributions from the propagation of holons and doublons
are expected to be small. For V1 = 1 the integrated
weight increases with decreasing U as is expected from
Fig. 1. For V1 = 0, however, such an increase is small
as compared with that for V1 = 1. This clearly indicates
that the increase of the weight below the absorption peak
comes from V1.
In order to clarify the effect of V1 on pump-probe op-
tical conductivity, we further investigate Reσxx(ω, t) for
large U in the
√
10 × √10 lattice. Making U large, we
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FIG. 3. Integrated weight I(∆) at ∆ = 2 (see text) as a
function of U in the half-filled
√
10×
√
10 extended Hubbard
lattice with th = 1 and t
′
h = −0.25. V1 = 0 (solid black line)
and V1 = 1 (dashed red line). Inset shows Wm for V1 = 1
and U = 6.6 and the colored region corresponds to the energy
interval ∆. The bar with cross denotes Wm for corresponding
εm.
can separate the effect of V1 from others coming from
the motion of holons and doublons. Figure 4 shows
Reσxx(ω, t) at t = 5 for U = 100. Before pumping,
Reσxx(ω) (black dotted lines) exhibit a single-exciton be-
havior for large V1, which is seen, for example, as a peak
at ω = 76 separated from continuum at around ω = 100
in Fig. 4(b). Without V1, there is no photoinduced spec-
tral weight except for ω < 10 [Fig. 4(a)]. In contrast,
photoinduced spectral weights emerge when V1 is finite
as shown in Fig. 4(b) (V1 = 23). There is a large peak
at ω = 30, whose position is low in energy by approxi-
mately 2V1 = 46 from the absorption peak at ω = 77.
A pump photon creates a holon-doublon pair and a sub-
sequent probe photon creates another pair. If the two
pairs bind, one expects a bound state called biexciton in
the final state of the pump-probe process. In fact, count-
ing the energy for the immobile biexciton, where the two
doublons are located at the NNN sites, i.e., diagonal po-
sitions, we obtain the energy 2U − 4V1, which is lower
than the energy for two separated holon-doublon pairs
(2U − 2V1) by 2V1. This is an interpretation of the peak
at ω = 30. This interpretation is confirmed by intro-
ducing the NNN Coulomb interaction V2, i.e., diagonal
repulsive interaction, which prevents diagonal positions
of two doublons. By V2 = 13, the immobile biexciton
increases its energy to 2U − 4V1 + 4V2 = 160, which is
larger than 2U − 2V1 = 154, indicating the absence of a
biexciton. In fact, there is no bound state in Fig. 4(c).
We note that another peak at ω = 20 in Fig. 4(b) as well
as that at ω = 12 in Fig. 4(c) is due to the breaking of a
holon-doublon pair by probe photon.
We note such biexcitonic states are also seen for a more
realistic value of U . Figure 4(d) shows the case with
U = 6 and V1 = 1, where small peaks appear at around
ω = 2 lower in energy by 2V1 than the lowest absorption
FIG. 4. The x component of time-dependent optical conduc-
tivity in the half-filled
√
10 ×
√
10 extended Hubbard lattice
with th = 1, t
′
h = −0.25, and U = 100. (a) V1 = 0, (b)
V1 = 23, and (c) V1 = 23 and V2 = 13. (d) U = 6 and V1 = 1.
The broken line represents Reσxx(ω) before pumping. The
red line represents Reσxx(ω, t)− Reσxx(ω) at t = 5. A0 = 8,
ωp = U , and η = 0.1.
peak at ω = 4.2.
A remaining question is why the presence of V1 en-
hances the U dependence of I(∆) in Fig. 3. This may
be related to a crucial role of spin background on biexci-
tonic states. With decreasing U , effective antiferromag-
netic (AF) interaction J between spins in the background
increases because of J ∼ 4t2h/U . The AF background
assists the formation of biexcitonic states to gain mag-
netic energy. This might be the reason for the increase
of I(∆) even for V1 = 0 in Fig. 3. Introducing V1 into
such an AF background will induce cooperative effects to
strengthen biexciton formation, leading to the enhance-
ment of U dependence. If the U dependence is realized
in real cuprate materials, we expect that photoinduced
spectral weight below the Mott gap is larger in Nd2CuO4
than in La2CuO4 because of smaller U in Nd2CuO4 than
in La2CuO4 [22].
IV. HOLE DOPING
Carriers introduced into Mott insulators change the
electronic states significantly. Not only metallic behav-
ior but also the reconstruction of excited states across
the Mott gap appears [26–28]. The broken lines in Fig. 5
exhibit Reσxx(ω) for a doped 4×4 extended Hubbard lat-
5FIG. 5. The x component of time-dependent optical conduc-
tivity in the two-hole doped 4 × 4 extended Hubbard lattice
with th = 1, t
′
h = −0.25, and V1 = 1. (a) U = 6, (b) U = 7,
and (c) U = 8. The broken line represents the optical conduc-
tivity before pumping. The solid line represents Reσxx(ω, t)
at t = 5.
tice with hole concentration x = 2/16 = 0.125, The peak
seen at the Mott-gap energy (see Fig. 1) is washed out
and a remnant peak is seen, for instance, at ω ∼ 6.6 for
U = 8 [see Fig. 5(c)]. It is known that the remnant peak
is higher in energy than the original Mott-gap peak [26–
28]. We also note that the low-energy excitations below
ω = 4 are metallic components but with finite excitation
energy.
Pumping such a doped system induces little change in
optical conductivity as shown by the solid lines that are
Reσxx(ω, t) at t = 5 in Fig. 5. Nevertheless, one can
identify systematic enhancement of the spectral weight
below the remnant Mott gap, which is seen in the energy
region of 4.7 < ω < 6.5 for U = 8, 4.4 < ω < 6 for U = 7,
and 4 < ω < 5.5 for U = 6. This enhancement is less
sensitive to V1 (not shown).
In order to clarify this enhancement, we again exam-
ine the large U case for the
√
10 × √10 cluster. Fig-
ure 6 shows Reσxx(ω) (black broken lines) and differ-
ence spectra Reσxx(ω, t = 5)−Reσxx(ω) (red solid lines)
for U = 100. Without V1, we clearly find the increase
of spectral weights below remnant Mott-gap excitations
near ω = 100 as shown in Fig. 6(a). This is in contrast
to the half-filled case where there is no induced spectral
weight just below the Mott gap [see Fig. 4(a)]. Induced
spectral weights are also present at V1 = 5 [Fig. 6(b)]
with an energy scale of V1 below the lowest-energy Mott-
gap excitation, but there is no dramatic change as com-
pared with the case of V1 = 0. In the half-filled case, V1 is
crucial for the enhancement of spectral weight originat-
ing from the formation of biexcitonic states. Therefore,
we suppose that such a biexcitonic state will be formed
in the hole-doped system with the help of hole carriers.
Here, this view reminds us of the formation of charged
stripe order in the doped Mott insulator [29–35]. To ob-
tain the gain of hopping and magnetic energy, holes in
the Mott insulator construct stripe configuration. If a
site between the diagonal stripes is doubly occupied, the
doublon site is surrounded by the holes, resulting in an
energy gain due to virtual electron hoppings from dou-
blon to hole. If this is the case, the introduction of V2
will reduce spectral weight because of the suppression of
the biexcitonic state. In fact, V2 reduces the spectral
weight as shown in Fig. 6(c). This indirectly justifies the
formation of a biexcitonic state.
In contrast, such increase of spectral weights below
remnant Mott-gap excitations is not found in the one-
dimensional hole-doped system for U = 100 in a ten peri-
odic lattice (not shown). In the one-dimensional system,
hole binding is not relevant due to spin-charge separation,
and holes are not efficiently collected around photoin-
duced doublons, yielding less energy gain due to virtual
hopping between the doublon and hole. Even if biex-
citonlike charge configuration is constructed, the energy
gain due to virtual electron hopping is less than that in
the two-dimensional system, since the number of hopping
paths around the doublon is two in one dimension, but
four in two dimensions. The energy gain due to the vir-
tual hopping process around the doublon site is closely
related to the formation of biexcitons.
Another possible origin of the enhancement of spectral
weight after pumping might be related to the propagation
of photoinduced holons and doublons in the presence of
hole carriers. This comes from the observation that the
holons and doublons may act as carriers in addition to
the original hole carriers, resulting in the increased spec-
tral weight in optical conductivity [28]. However, such an
increase occurs in the energy range of particle-hole excita-
tions in optical conductivity and thus not near Mott-gap
excitations [28]. Therefore, this mechanism is not the
origin of the enhancement.
The enhancement below the remnant Mott-gap exci-
tations in Fig. 5 is tiny but can be detectable. In fact,
a recent pump-probe experiment has reported the emer-
gence of spectral weight [3]. In the experiment, the en-
hanced spectral weight below the Mott gap, more pre-
cisely charge-transfer (CT) gap, is accompanied by the
reduction of the weight at the CT peak, which has been
interpreted as a consequence of the redshift of the CT
peak based on atomic-level analyses [3]. In our calcula-
tions, the spectral weight reduction of the remnant Mott-
gap excitations is unclear in Fig. 5. However, the re-
duction is clearly seen in Fig. 6 and thus the amount
of reduction may depend on several conditions such as
pump-photon energy. Therefore, our results may give an
alternative interpretation on the enhancement of spectral
6FIG. 6. The x component of time-dependent optical conduc-
tivity in the two-hole doped
√
10 ×
√
10 extended Hubbard
lattice with th = 1, t
′
h = 0, and U = 100. (a) V1 = 0, (b)
V1 = 5, and (c) V1 = 5 and V2 = 2. The black broken line
represents Reσxx(ω) before pumping. The red line represents
Reσxx(ω, t) − Reσxx(ω) at t = 5. A0 = 8, ωp = U , and
η = 0.2.
weight seen in the experiment.
V. SUMMARY
We have investigated pump-probe optical responses for
two-dimensional Mott insulators and hole-doped systems
by calculating the time-dependent optical conductivity
in the single-band extended Hubbard model. At half fill-
ing, two types of photoinduced absorptions emerge in-
side the Mott gap after pumping, consistent with the
experiments [1]. One is attributed to low-energy exci-
tations due to the independent propagation of photoin-
duced holons and doublons. The other is excitations just
below the Mott gap that are enhanced by the nearest-
neighbor Coulomb interaction. This is an indication of
the presence of a biexcitonic state where two doublons
are located at the next-nearest-neighbor sites. This is
evidenced by the destruction of the biexciton by the
second-nearest-neighbor Coulomb interaction. This re-
sult clearly indicates that the enhancement of spectral
weight just below the Mott gap after pumping is not only
due to the temperature effect as suggested by the exper-
iment [1, 2] but also the presence of the biexciton.
In hole-doped systems, we have found the enhance-
ment of spectral weights after pumping below remnant
Mott-gap excitations, which is consistent with the ex-
periment [3]. The weights are less sensitive to the NN
Coulomb interaction but decrease with introducing the
NNN Coulomb interaction, indicating the formation of a
biexcitonic state in the presence of hole carriers. These
findings are important for a full understanding of pump-
probe optical responses in cuprate superconductors.
These conclusions have been obtained from small clus-
ters with 4 × 4 and √10 × √10 sites. We believe that
the effects of biexcitons extending minimally over four
sites can be expressed by such clusters, but it would be
desirable to examine the biexcitonic effects using much
larger clusters. In addition, in our calculations we do not
include the effect of phonon degree of freedom emerg-
ing through electron-phonon interactions. It has been
reported that an ultrafast reaction of the bosonic field
affects the time-dependent optical responses [2]. It would
be interesting to examine the influence of phonons on the
biexcitonic structures. Therefore, these two unexplored
issues remain as future problems.
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